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Strain-induced spin–orbit couplingWe theoretically study the electronic structure and spin splitting of a strained GaAs(001) surface with
broken twofold symmetry. We introduce a surface electron Hamiltonian of our model. By k  p theory,
we qualitatively evaluate the electronic structure of GaAs(001) surface, demonstrating that the spin
degeneracy of the bottom of the surface-state conduction bands is split. Additionally, by the spin current
operator, we evaluate the spin current of electrons in the bottom of the surface-state conduction bands,
demonstrating that for n-type GaAs the spin current flows in the parallel direction to a mirror plane spon-
taneously. This is a new mechanism to generate the spin current.
 2015 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Ever since the intrinsic spin Hall effect was proposed [1,2],
interest in spin properties has increased. The intrinsic spin Hall
effect, proposed by Sinova et al. [1], originates from Rashba-type
spin splitting. Materials that exhibit giant Rashba-type spin split-
ting is desirable for fabricating many semiconductor-based spin-
tronic devices currently being studied [3]. Spin splitting occurs
when inversion symmetry is broken, a behavior that can arise in
five cases: first, when a crystal lacks a center of inversion in the
bulk [4], in two-dimensional electronic states with structural
inversion asymmetry [5], at surfaces that lack three-dimensional
symmetry [6], at interfaces of semiconductor heterostructures at
which chemical bonding is asymmetric [7,8], and at surface alloys
on metals and an adlayer on semiconductor substrates with in-
plane inversion asymmetry [9–12]. Though up to now in-plane
inversion asymmetry is due to missing of one mirror plane by
alloying or adsorbing, we introduce in-plane inversion asymmetry
by applying stress at the topmost surface. We wish to search for
novel spin properties at surfaces with in-plane inversion
asymmetry.
In this paper we theoretically consider spin-splitting surface
states from breaking of the inversion symmetry of the surface in
GaAs, a zinc blende crystal. Our model is based on that of the quan-
tum spin Hall effect, proposed by Bernevig and Zhang [13]. In their
model, the quantum spin Hall effect is induced by the shear straingradients in a quantum well that has the mesoscopic twofold sym-
metry of the interface. In contrast, in our model the mesoscopic
twofold symmetry of the topmost surface of GaAs(001) is broken.
Additionally, we discuss a novel phenomenon which can be uti-
lized as a new mechanism to generate the spin current.2. Theory
Assessing the conduction bands of strained zinc blende crystals,
in the framework of perturbation theory, an electron Hamiltonian
can be written as [14–18]
H ¼ H0 þ HS þ HSO;
H0 ¼ 12mp
2 þ V0ðxÞ;
HS ¼ aðexx þ eyy þ ezzÞ; ð1Þ
HSO ¼
h
2
fðrXDÞ þ ðrXS1Þ þ ðrXS2Þg;
where m is the bare electron mass, V0ðxÞ is the potential in the
unstrained crystals, a is the hydrostatic deformation potential, eij
is the strain tensor component, and r are Pauli matrices. Addition-
ally, in the perturbative Hamiltonian HSO, the first term describes
the Dresselhaus spin–orbit coupling, while the second and third
terms describe the strain-induced spin–orbit coupling. The Dressel-
haus spin–orbit coupling originates from the periodic potential in
the crystal, while the strain-induced spin–orbit coupling originates
from the potential in the strained crystal. XD;XS1 and XS2 are vec-
tors with components
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hXS1x ¼ vðexypy  exzpzÞ; ð2Þ
hXS2x ¼ v 0pxðeyy  ezzÞ:
The remaining components of these vectors are obtained by cyclic
permutation of the indices x, y, and z. In Eq. (2) Egis the width of
the band gap, and a; v and v 0 are constants that determine the mag-
nitude of the spin–orbit coupling. It is reasonable that HSO can be
written as Eqs. (1) and (2), because HSO is invariant, consisting of
basis sets for the irreducible representation C5 of group Td [16].
Experiments by Wu et al., investigating strain-induced spin–orbit
coupling, indicated that for GaAs the strain-induced spin–orbit cou-
pling is more important than the Dresselhaus spin–orbit coupling
[19]. The constants v and v 0 of the strain-induced spin–orbit cou-
pling are 8 105ðm=sÞ and 6 105ðm=sÞ for bulk GaAs [13,19],
respectively.
We describe our model below. We choose one of the topmost
lattice points of an ideal surface as the origin of the coordinate sys-
tem and x , y, and z axes along the [100], [010], and [001] direc-
tion, respectively. Modifying Bernevig and Zhang’s model [13], we
apply strain at the topmost surface by shifting the topmost surface
atoms from its ideal surface position, described as
u ¼ ðux;uy;uzÞ ¼ ð0;0; TðyÞ2gxyÞ; ð3Þ
where g is a constant that determines the magnitude of the dis-
placement, and TðyÞ is an operator and defined as
TðyÞf ðyÞ ¼ f ðyÞ if yP 0
f ðyÞ otherwise;

where f ðyÞ is an arbitrary function. Our above model differs from
that of Bernevig and Zhang by operating TðyÞ on uz [13]. Modifying
further, we use the strain tensor components of the small inhomo-
geneous confined strain, as described by
exx ¼eyy ¼ ezz ¼ 0;
exy ¼eyx ¼ 0;
eyz ¼ezy ¼ SðyÞgx exp½a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
 exp½n2z2; ð4Þ
ezx ¼exz ¼ TðyÞgy exp½a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
 exp½n2z2;
SðyÞf ðyÞ ¼ @TðyÞy
@y
 
f ðyÞ ¼ f ðyÞ if yP 0
f ðyÞ otherwise;

where a is a positive appropriate constant and n is a large enough
integer. Here, GaAs is in the region zP 0, while the region z < 0
corresponds to the vacuum. Fig. 1 shows the displacement of the-10
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Fig. 1. Displacement of the topmost surface atoms of the topmost surface of
strained GaAs(001). The origin is one of the topmost lattice points of the ideal
surface. x; y, and z axes are along the [100], [010], and [001] direction, respectively.topmost surface atoms. Thus, in our model the mesoscopic twofold
symmetry of the strained GaAs(001) surface is broken. We treat the
effect of the displacement of the topmost surface atoms as a pertur-
bation of the potential [20]. Here, the strain given by Eq. (4) can be
realized by applying tensile stress within the first and fourth quad-
rants of the xy-plane at the topmost surface as well as compressive
stress within the second and third quadrants of the xy-plane at the
topmost surface, with fixed atoms on the x and y axes. By recon-
struction of GaAs(001) surface, the distortion appears because of
dimerization or dimer buckling. However, no strain is generated
by representative reconstructions of the GaAs(001) surface, includ-
ing the cð4 4Þ reconstruction and the 2 4 reconstruction. Thus,
the strain tensor components (4) describe the strain of the strained
GaAs(001) surface of our model if we consider reconstructions.
Here, in the perturbative Hamiltonian H0 in Eq. (1), the first term,
which describes the Dresselhaus spin–orbit coupling, can be omit-
ted because the surface has a center of inversion in xy-plane. Addi-
tionally, HS and the third term in HSO does not contribute to H,
because exx ¼ eyy ¼ ezz ¼ 0. Therefore, the surface electron Hamilto-
nian of our model can be written as
H ¼ H0 þ HSO;
H0 ¼ 12mp2 þ V0ðxÞ;
HSO ¼ h2 ðrxXS1x þ ryXS1y þ rzXS1zÞ;
where
hXS1x ¼ vgTðyÞ exp½a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
 exp½n2z2ypzT1ðyÞ;
hXS1y ¼ vgSðyÞ exp½a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
 exp½n2z2xpzS1ðyÞ;
hXS1z ¼ vgTðyÞ exp½a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
 exp½n2z2ðypx  xpyÞT1ðyÞ;
and V0ðxÞ is the potential in the ideal unstrained surface. The region
zP 0 corresponds to the semi-infinite lattice. This perturbative
Hamiltonian HSO only has a substantial effect near the topmost sur-
face in z direction on the surface electron Hamiltonian. Because
< ajrija >¼< bjrijb >¼ 0ði ¼ x; yÞ, we can simply consider the per-
turbative Hamiltonian H0SO now.
H0SO ¼ h2rzXS1z
¼ 12 vg exp½a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
 exp½n2z2TðyÞðypx  xpyÞT1ðyÞrz:
Here, hXS1x and hXS1y are hermitian because
d exp½n2z2 
dz ¼ 2n2z exp½n2z2
¼ 2 dðzþ ð1=
ﬃﬃﬃ
2
p
nÞÞ  dðz ð1=
ﬃﬃﬃ
2
p
nÞÞ
n o
:
and because the wave function is continuous at z ¼ 0 in z direction.
We use this Hamiltonian H ¼ H0 þ H0SO to evaluate the electronic
structure.
3. Results and discussion
We now qualitatively evaluate the electronic structure of
surface-state conduction bands near the C point. Assuming a small
perturbation, we consider that the surface electron is in Bloch
states in the x and y directions as Wkk ðxÞ ¼ exp½ikk  xukk ðxÞðkk ¼
ðkx; kyÞÞ in the region zP 0. The function ukk ðxÞ satisfies the
equation,
1
2m
p2þV0ðxÞþ
h2k2k
2m
þ h
m
kxp0xþ
h
m
kyp0yþH0SO
" #
ukk ðxÞ¼ EðkkÞukk ðxÞ;
where
EkxΓ
0
up spin
down spin
Fig. 2. Schematic of the electronic structure of the bottom of strained GaAs(001)
surface-state conduction bands in our model. This figure is plotted along the kx axis.
Cð3Þkx is assumed to be positive.
E
ky(kx0,0)
0
up spin
down spin
Fig. 3. Schematic of the electronic structure of the bottom of strained GaAs(001)
surface-state conduction bands in our model. This figure is plotted along
kk ¼ ðkx0; kyÞ (kx0 is a positive constant.). Cð3Þkx is assumed to be positive.
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m
h
1
2
vgh exp½a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
 exp½n2z2TðyÞyT1ðyÞrz;
p0y ¼ py 
m
h
1
2
vghSðyÞ exp½a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
 exp½n2z2xS1ðyÞrz:
Here, in the region zP 0 usðxÞ ¼ f sðrÞ; uxðxÞ ¼ xfpðrÞ, and
uyðxÞ ¼ yfpðrÞ satisfy the equation
1
2m
p2 þ V0ðxÞ
 
usðxÞ ¼Esð0ÞusðxÞ;
1
2m
p2 þ V0ðxÞ
 
uiðxÞ ¼Epð0ÞuiðxÞ ði ¼ x; yÞ;
under the condition that in the region z < 0 V0ðxÞ ¼ V 00 (V 00 is infi-
nitely high.), where Esð0Þ and Epð0Þ are the energy eigenvalue of
the s band of the surface-state conduction bands at the C point
and that of the p band of the surface-state valence bands at the C
point, respectively. We expand the wave function of the s band of
surface-state conduction bands at kk ¼ ekk near the C point uðsÞekk ðxÞ
by uiðxÞði ¼ s; x; yÞ by using k  p theory [21]. Then, we evaluate
the energy eigenvalue of the s band of the surface-state conduction
bands at kk ¼ ekk near the C point EsðekkÞ by k  p theory. We do not
consider dangling bonds of the topmost surface atoms, and we
assume that bonding between adjacent (001) plane is weak. Addi-
tionally, we do not consider reconstruction of GaAs(001) surface.
Up to the third order in energy, we obtain
EsðekkÞ ¼ Esð0Þ  Cð1Þkx ekx þ Cð2Þkx ekx2 þ Cð2Þky fky2
Cð3Þkx ekx3  Cð4Þkx ekxfky2; ð5Þ
where
Cð1Þkk ¼
2
ﬃﬃﬃ
p
p
vgh
n
Z 1
0
ff sðrÞg2 exp½arr2dr;
Cð2Þkx ¼C
ð2Þ
ky
¼ h
2
2m
þ h
m
 2 j< xjpxjs> j2
Esð0ÞEpð0Þ
( )
;
Cð3Þkx ¼
2
ﬃﬃﬃ
p
p
vgh
n
h
m
 2 j< xjpxjs> j2
fEsð0ÞEpð0Þg2
 1
3
Z 1
0
ff pðrÞg2 exp½arr4dr


Z 1
0
ff sðrÞg2 exp½arr2dr

;
Cð4Þkx ¼
2
ﬃﬃﬃ
p
p
vgh
n
h
m
 2 j< xjpxjs> j2
fEsð0ÞEpð0Þg2

Z 1
0
ff sðrÞg2 exp½arr2dr;
< xjpxjs>¼
Z
uxðxÞ
h
i
@
@x
usðxÞdx;
and the upper sign and lower sign denote the upspin and downspin,
respectively. Here, we use exp½n2z2 ¼ exp½n2ðrcoshÞ2
¼ ð ﬃﬃﬃpp =nÞdnðrcoshÞðdnðtÞ is a delta sequence.). Thus, the spin degen-
eracy of the bottom of the surface-state conduction bands is split.
Figs. 2 and 3 show schematics of the electronic structure of the bot-
tom of the surface-state conduction bands. Here, the spin-splitting
is caused by the dependence of the spin direction in the k  p Hamil-
tonian. However dangling bonds rebond, and however GaAs(001)
surface is reconstructed, the wave function spreads in the (001)
planes. Thus, the obtained electronic structure gives a qualitative
insight into the real electronic structure of strained GaAs(001) sur-
face with broken twofold symmetry.
Now, we discuss a model similar to Bernevig and Zhang’s model
[13]. In this model, the perturbative Hamiltonian HðBZÞSO is given as
HðBZÞSO ¼ ð1=2Þvg exp a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
ph i
exp½n2z2ðypx  xpyÞrz:We evaluate the energy eigenvalue of the s band of the surface-state
conduction bands of the model similar to Bernevig and Zhang’s
model near the C point EðBZÞs ðekkÞ by k  p theory. Up to the third
order in energy, we obtain EðBZÞs ðekkÞ"# ¼ Esð0Þ þ aðek2x þ ek2yÞ (a is a
positive constant.); that is,
EðBZÞs ðekkÞ"# ¼ EðBZÞs ðekkÞ"#: ð6Þ
Thus, the spin degeneracy of the surface-state conduction bands of
the model similar to Bernevig and Zhang’s model is not split.
Here, we compare in-plane inversion asymmetry of surface
alloys on metals and an adlayer on semiconductor substrates with
that of our model. As for the former, by a nearly-free electron (NFE)
model [9] and k  p theory in addition to symmetry analyses [12] it
is demonstrated that in-plane inversion asymmetry makes the
Rashba type dispersion relations anisotropic and induces the spin
polarization in the normal direction to the surface. Besides, the
interplay of structural inversion asymmetry (in the normal direc-
tion to the surface) and in-plane inversion asymmetry enhances
splitting [9]. As for the latter, we use strain-induced spin–orbit
coupling derived by in-plane inversion asymmetry (broken
twofold symmetry) and k  p theory and demonstrate that strain-
induced spin–orbit coupling makes the dispersion relations aniso-
tropic and induces spin splitting of eigenstates of spin operator sz.
In addition, we mention the difference between spin splitting
induced by heterostructural interface asymmetry and that by our
model. The former is caused by the following reason. At interfaces
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the [001] axis, atomic structures, whose threefold symmetry is
broken, have D2d symmetry because of ‘‘common anion” . On the
other hand, in ‘‘no common atom” heterostructures such as
C1A1/C2A2 (C1 and C2 are cations, and A1 and A2 are anions.),
there are two inequivalent interfaces to correspond to C1–A1–C2
and C2–A2–C1. Thus, atomic structures at interfaces have lower
C2v symmetry, so that tight-binding calculations, which consider
the full symmetry, explained optical anisotropy [22]. Additionally,
in the framework of the envelope function approximation the ‘‘HBF
model” and the generalized boundary conditions demonstrated
spin splitting of heavy hole or light hole subbands [7] and that of
electron subbands [23], respectively. Here, in ‘‘HBF model” two
operators B and F corresponding to ‘backward’ and ‘forward’ bonds
on each side of a C–A–C
0
monolayer (C and C
0
are cations and A is an
anion.) are introduced and an asymmetric potential is added to the
Hamiltonian as the perturbation [24]. In the generalized boundary
conditions originally the term describing the heavy-light hole mix-
ing due to the C2v symmetry is added to the Hamiltonian and the
boundary conditions are changed [25]. On the other hand, we
assume that the surface is not reconstructed and that atomic struc-
tures have Td symmetry, and we qualitatively evaluate the elec-
tronic structure by k  p theory.
Now, we discuss electron-doped n-type GaAs. In this case, the
surface-state conduction bands are filled by electrons from lower
to higher energy levels. Here, the expectation value of the velocity
of an electron in a Bloch state of the n band is given as
vðnÞðkÞ ¼ 1=h@EnðkÞ=@k (EnðkÞ is the energy eigenvalue of the
nband.), using Feynman’s theorem. Because vðnÞðkÞ
¼ 1=h@EnðkÞ=@k in addition to Figs. 2 and 3, the spin current in x
direction is to be expected. In our model, using the spin current
operator jai ¼ ð1=2Þfv i; sag (v i and sa are the velocity and spin oper-
ator, respectively.), we evaluate the spin current in the x direction of
the s band electron jðsÞx and that in the y direction of the s band elec-
tron jðsÞy over Bloch states with the energy eigenvalue less than EF
near C point. Assuming that the Fermi surface is a circle with the
radius of kF , we obtain
jðsÞx ¼
Xekk h2v ðsÞx ðekkÞ"hðEF  EsðekkÞ"Þ  h2v ðsÞx ðekkÞ#hðEF  EsðekkÞ#Þ
 
¼ L
2p
 2 Z h
2
1
h
@EsðekkÞ"
@ekx hðEF  EsðekkÞ"Þ
(
1
h
@EsðekkÞ#
@ekx hðEF  EsðekkÞ#Þ
)
dekxdeky
¼ L
2
4p
Cð1Þkx k
2
F 
3
4
Cð3Þkx k
4
F þ
1
4
Cð4Þkx k
4
F
 
;
jðsÞy ¼
Xekk h2v ðsÞy ðekkÞ"hðEF  EsðekkÞ"Þ  h2v ðsÞy ðekkÞ#hðEF  EsðekkÞ#Þ
 
¼ L
2p
 2 Z h
2
1
h
@EsðekkÞ"
@eky hðEF  EsðekkÞ"Þ
(
1
h
@EsðekkÞ#
@eky hðEF  EsðekkÞ#Þ
)
dekxdeky ¼ 0;
where L is an appropriate length of the period for the evaluation.
Thus, in our model the spin current flows spontaneously in the x
direction. Being compared with previous study in in-plane inversion
asymmetry, this is fundamentally new knowledge which our study
brings . This phenomenon can be utilized as a new mechanism to
generate the spin current by the use of nonmagnetic materials asthe spin Hall effect, spin–rotation coupling [26], and helical spin
polarization of topological insulators [27].
4. Conclusion
We proposed a model of spin-splitting surface states. In our
model the spin degeneracy is split from breaking of the twofold
symmetry of the surface. We derive these results by k  p theory.
Additionally, for n-type GaAs the spin current flows in the parallel
direction to a mirror plane spontaneously. This phenomenon can
be utilized as a new mechanism to generate the spin current.
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